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Lexicographic order: applied . . .

Figure: Extract from a dictionary of the Rig Veda, 1873 (in German).
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. . . and somewhat more theoretic
Let’s ignore hyphens and diacritics and work in the alphabet a, b, c, . . . , z .

ajipati
ajnatr
ajya
anjana
anjanagandhi
ani

⇝

aaaadghijnnn
aaajnn
aaiijpt
aajnrt
aajy
ain

⇝

a4dghijn3

a3jn2

a2i2jpt
a2jnrt
a2jy
ain

⇝

x41x4x7x8x9x10x
3
14

x31x10x
2
14

x21x
2
9x10x16x20

x21x10x14x18x20
x21x10x25
x1x9x14

Monomials in commuting
variables x1, . . . , x26 ordered
lexicographically.

Let K be a field. Monomial
ideal: K-linear combinations of
monomials divisible by finitely
many given ones.
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Enter the protagonists

Figure: David Hilbert.

Figure: Hermann Graßmann.

Figure: Francis Sowerby
Macaulay.
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An abridged history of the Hilbert scheme

Consider homogeneous polynomial ideals (systems of equations)
I ⊆ S := K[x0, x1, . . . , xn] and their coordinate rings (rings of
polynomial functions on the zero sets) RI = S/I .

The Hilbert polynomial measures the dimensions of the finite
dimensional K-vector spaces (RI )d for large enough degrees d >> 0.

Theorem (Macaulay 1927)

A given polynomial is the Hilbert polynomial of some RI if and only if
there is a lexicographic monomial ideal I with this Hilbert polynomial.

Construction (Grothendieck 1961)

The Hilbert scheme, the parameter space of ideals with a given Hilbert
polynomial, can be realized as a subvariety of a suitable Grassmannian.

Theorem (Hartshorne 1966)

For a given Hilbert polynomial, the Hilbert scheme is connected.
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Our contributions
Our work has both computational and theoretical flavors. We employ
marked bases (intuitively: term-order free Gröbner bases) and their
analogues in quotient rings for studying Hilbert schemes.

Theorem (BCOS 2025)

When the base field is infinite and the quotient is on a Cohen–Macaulay
quasi-stable monomial ideal I , relative marked bases give an open cover of
the Hilbert scheme over S/I .

Application

When the quotient is on a Macaulay-Lex quasi-stable monomial ideal I ,
can computationally decide properties of the lex-point (e.g. smoothness).

Theorem (BCOS 2026)

Marked bases give effective methods for detecting and constructing
Cohen–Macaulay, Gorenstein, and complete intersection ideals.
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What’s next?

x41x4x7x8x9x10x
3
14

x31x10x
2
14

x21x
2
9x10x16x20

x21x10x14x18x20
x21x10x25
x1x9x14

Thank you
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